The effect of quantum fluctuations on Bogomol'nyi-Prasad-Sommerfield (BPS)-saturated topological excitations in supersymmetric theories is studied. Focus is placed on a sequence of topological excitations that derive from the same classical soliton or vortex in lower dimensions and it is shown that their quantum characteristics, such as the spectrum and profile, differ critically with the dimension of spacetime. In all the examples examined the supercharge algebra retains its classical form although short-wavelength fluctuations may modify the operator structure of the central charge, yielding an anomaly. The central charge, on taking the expectation value, is further affected by long-wavelength fluctuations, and this makes the BPS-excitation spectra only approximately calculable in some low-dimensional theories. In four dimensions, in contrast, holomorphy plays a special role in stabilizing the BPS-excitation spectra against quantum corrections. The basic tool in our study is the superfield supercurrent, from which the supercharge algebra with a central extension is extracted in a supersymmetric setting. A general method is developed to determine the associated superconformal anomaly by considering dilatation directly in superspace.
I. INTRODUCTION
There has recently been renewed interest in topological excitations in supersymmetric theories, in connection with the brane-world scenarios [1] and nonperturbative analysis of supersymmetric theories [2] . In particular, topological excitations that saturate the Bogomol'nyiPrasad-Sommerfield (BPS) bound [3] provide a mechanism for spontaneous supersymmetry breaking, with the world localized on a topological defect preserving only part of the original supersymmetry.
In the context of supersymmetry BPS saturation has a special meaning [4, 5] : Normally BPS-saturated excitations belong to a shorter supermultiplet and remain saturated once they are so classically; their spectrum thereby is related to the central charge in the supercharge algebra. This, of course, does not mean that the spectrum stays classical. Indeed it was clarified after years of investigation [6, 7, 8, 9, 10, 11, 12, 13, 14] that solitons in a two-dimensional (2d) theory with N=1 supersymmetry remain BPS saturated while the associated central charge acquiring an anomaly at the quantum level [10] .
Topological excitations, such as solitons, domain walls, junctions and vortices, have long been studied in a variety of contexts and in recent years some interesting classical multi-body configurations of topological excitations [15] have also been explored in the context of supersymmetry. It would be of importance to consider how such classical excitations of interest behave against quantum fluctuations.
The purpose of this paper is to study the effect of quantum fluctuations on BPS-saturated topological excitations in supersymmetric theories. Focus is placed on a sequence of topological excitations that derive from the same classical soliton or vortex in lower dimensions and it is shown that their quantum characteristics, such as the spectrum and profile, differ critically with the dimension of spacetime. Also pointed out is a special role played by holomorphy inherent for 4d supersymmetry in stabilizing the BPS-excitation spectra against quantum corrections.
The basic tool in our study is the superfield supercurrent [16] , from which the supercharge algebra with a central extension is extracted in a manifestly supersymmetric setting [17, 18] . The quantum modification of the central charge takes place in two ways: The shortwavelength quantum fluctuations modify the operator structure of the central charge, yielding an anomaly, while the long-wavelength fluctuations affect its expectation value. An efficient method is developed to determine the short-wavelength anomaly by considering dilatation in superspace.
In Sec. II we review the derivation of the trace anomaly, which is generalized to treat superconformal anomalies in the succeeding sections. In Sec. III we start with a classical BPS soliton in a 2d theory with N=1 supersymmetry and study the quantum features of domain walls evolving from it in higher dimensions. In Sec. IV we discuss vortices in 3d and 4d theories. Section V is devoted to a summary and discussion.
II. DILATATION ANOMALY
Let us first review a derivation of the trace anomaly [19, 20] . Consider a scalar field φ(x) (of dimension d φ in units of mass) with the action S[φ] and let T µν denote a conserved symmetric energy-momentum tensor. The current associated with an infinitesimal scale trans-
µν with the conservation law
where j denotes a source for φ; △ stands collectively for scale breaking, both classical and quantum. With translational invariance assumed, Eq. (2.1) gives rise to the trace identity
with n being the dimension of spacetime yields, e.g., for a twopoint Green function φφ [with Fourier transform G(p)], a Ward-Takahashi identity of the form [21, 22] iG
where
= φφ d n x △ , i.e., G(p) with a zeromomentum insertion of △.
In calculating G(p) one encounters ultraviolet (UV) divergences. The (bare) theory is thus written in terms of field φ(x), a bare mass m, some coupling constants λ (of dimension d λ ) and the UV cutoff Λ (of dimension one). We go through renormalization as usual and denote renormalized quantities with the suffix r. A dimensional analysis then allows one to rewrite Eq. (2.2) as
(In case a new scale µ is introduced for renormalization, one may simply include µ∂/∂µ in D.) One can now read off the scale breaking △ from the renormalized Green function φ r φ r . Indeed, the action of the derivative D on G r is essentially the same as an insertion into G r of the operator DS with the action S now regarded as a function(al) of φ r , m r , λ r and the cutoff Λ,
In early approaches [19, 20] it was customary to rewrite DG r in favor of the Callan-Symanzik equations [21] or the renormalization group equations so that quantum scale breaking comes with the associated anomalous dimensions; we comment on this point later. Our identification of △ by DS is simpler in form and leads to expressions suited for our analysis of the central charge anomalies.
It is enlightening to rewrite Eq. 
with the quantum breaking (anomaly) given by
This is the basic formula we shall use below. We remark that Eq. (2.6) is an operator analog of the response of the effective action 
III. SOLITONS AND DOMAIN WALLS
In this section we study the effect of quantum fluctuations on solitons and domain walls.
A. Solitons in two dimensions
Let us begin by reviewing some basic features of supersymmetric theories with solitons in two dimensions. Consider the Wess-Zumino model [10, 23] described by the superfield action
with a real superfield Φ(z) = φ(x) +θψ(x) + 1 2θ θ F (x), consisting of a real scalar field φ and a Majorana spinor field ψ α = (ψ 1 , ψ 2 ), along with an auxiliary field F . Here z = (x µ , θ α ) denotes the spacetime coordinates x µ and two Majorana coordinates
on eliminating the auxiliary field F , via
having two extrema W ′ (φ) = 0, the model supports a classical soliton (kink) solution 4) governed by the the Bogomol'nyi equation [3] 
with v = m/(2λ). The kink interpolates between the two distinct vacua with φ vac = ±v at spatial infinities x 1 = ±∞, and has energy m
The action S is invariant under supertranslations
generated by the superchargeξ α Q α acting on Φ(z). The component fields thereby undergo the supersymmetry transformations δφ =ξψ, δF = −iξγ µ ∂ µ ψ, etc. In the presence of solitons the supercharge algebra acquires a central extension [4] ,
with the central charge Z = dx 1 ζ 0 coming from the topological current
where γ 5 = γ 0 γ 1 and ǫ 01 = 1. An important fact is that the Bogomol'nyi equation is invariant, δ(∂ 1 φ + F ) = 0, under supertranslations with
The classical soliton therefore is BPS saturated, 9) and preserves half of the original supersymmetry. As a result, via multiplet shortening [4, 11] , the soliton is expected to be BPS-saturated at the quantum level (as long as the supercharge algebra is not afflicted with a quantum anomaly) and the soliton spectrum sol|P 0 |sol = sol|Z|sol should equal the central charge.
The canonical or classical supercharge algebra (3.7) is a consequence of super-Poincare symmetry. It implies that the supersymmetry current J µ α , topological current ζ µ and energy-momentum tensor T µλ form a supermultiplet. This structure is best visualized if one considers a superfield supercurrent [16] , which in the present case is a real spinor-vector superfield [18] 10) with the expansion
This supercurrent, when properly regulated, is conserved at the quantum level [18] , ∂ µ V µ α = 0, and gives rise to a conserved-charge superfield
which, upon supertranslations (3.6), leads to Eq. (3.7). The supercharge algebra (3.7) thus retains the same form in quantum theory. One must, however, note that the central charge, as well as other charges, may acquire a quantum modification. Such a quantum anomaly comes from short distances and arises as part of the superconformal anomaly, especially in a manifestly supersymmetric setting. Actually, the superfield combination 13) shows that the topological current ζ ν and the trace T µ µ lie in a multiplet, i.e., the central charge and dilatation are related by supersymmetry. This structure suggests us a general method to determine the central charge: One may consider the trace anomaly in superspace and translate it into the superconformal anomaly.
In the present case, naive use of field equations yields a (classical) supersymmetric trace identity of the form
To promote this to quantum theory one may first study renormalization. In the 2d Wess-Zumino model only the bare mass m requires infinite renormalization [18] 
at the one-loop level, with a UV cutoff Λ. Formula (2.6) then tells us that this mass renormalization leads to a trace anomaly Λ∂W/∂Λ = (λ/2π) Φ = −W ′′ (Φ)/(4π). See the appendix for an evaluation of the classical breaking δ cl D S. The full scale breaking is given by
[Actually a dimensional analysis such that
for general W (Φ) of dimension d W offers a simpler way to reach this result (on setting d W = 1 and d Φ = 0).] This breaking △ now dictates that Eq. (3.14) should read
in quantum theory, giving the modified central charge,
Now the exact form of the central charge operator Z is known, but not the central charge yet. In quantum theory the central charge is given by the ground-state expectation value sol|Z|sol ≡ Z = 2 W eff (Φ) | x 1 =∞ , which is only approximately known in powers ofh.
Let us discuss this point in some detail. To determine the central charge Z one first has to calculate the effective action Γ[Φ c ] and learn how the quantum effect modifies the superpotential and its extrema. Indeed, a one-loop calculation yields a superpotential of the form Actually the divergent piece is part of the one-loop correction to the expectation value W (Φ) and one can write
Minimizing P eff (Φ c ) with respect to Φ c yields the central charge and hence the soliton spectrum to O(h 0 ) [8, 10] ,
Here the central-charge anomaly ∼ W ′′ /(4π) directly fixes the one-loop correction −m r /(2π) to m sol . Note that the spectrum is approximate; it is further modified by higher-loop corrections [to P eff (v)] of long-wavelength nature ∝ m r (λ 2 /m 
B. Domain walls in three dimensions
The classical soliton (3.4) turns into a domain wall if one goes to 1+2 dimensions with the same model [12] . There one again encounters infinite renormalization only for the bare mass m up to two loops. Indeed, a direct oneloop calculation yields the effective superpotential [18] 
with a linear divergence c ≡ Λ/(8π √ π), which is taken care of by mass renormalization
Minimizing this U eff (Φ c ) yields the central charge and hence the domain-wall surface tension to O(h 0 ) [12] ,
where L 2 denotes the total length in the x 2 direction. The supercurrent V µ α in Eq. (3.10), on the other hand, is adapted to three dimensions in an obvious fashion. Using Eq. (3.17), with d Φ = 1/2 and d W = 2 now, allows one to write down the quantum supertrace identity
. This generalizes an earlier result [18] to all orders inh. We remark that via dilatation one has naturally been led to the supertrace identity for the improved supercurrent 
C. Domain walls in the 4d Wess-Zumino model
The classical soliton (3.4), when embedded in four dimensions, turns into a domain wall, extending uniformly in the x 2 x 3 plane. Such a wall again remains BPSsaturated [17] . The 4d model consists of a charged boson and a charged (Weyl) fermion ψ α (x), assembled in a chi- 28) with ξ α constrained so that ξ = −iσ 1ξ , and the domain wall preserves half of 4d N=1 supersymmetry.
The 4d Wess-Zumino model requires only infinite wave-function renormalization and we set Φ = √ Z Φ Φ r . The chiral superpotential W (Φ) receives no quantum correction in perturbation theory [24, 25] and one may set m r = m Z Φ and λ r = λ Z 3/2 Φ ; its extrema W ′ (Φ) = 0 arise at Φ r = ±v r with v r ≡ m r /(2λ r ).
The domain-wall spectrum, being BPS-saturated, is calculated from a long-wavelength effective action of the form
where M r = (Φ c ) r (Φ c ) r . Actually, a direct one-loop calculation yields
with
nyi squares. One then learns that extremizing W (Φ c ) yields the central charge and that the domain-wall tension retains the classical value
with v = m/(2λ); Ω ≡ dx 2 dx 3 . We shall now examine this conclusion in terms of the supertrace identity. To this end it will be useful to first review some general properties of the supercurrent in 4d theories [16, 26] . For 4d N=1 theories the supercurrent is given by a real vector superfield R αα (z) = (σ µ ) αα R µ (z), with the expansion
where R µ is the R-current, (j µ ,j µ ) are related to the supersymmetry currents and v µλ to the energy-momentum tensor. The associated supersymmetric trace identity, in general, takes the form 33) which leads to the conservation law
The form of the superconformal breaking is constrained owing to boson-fermion balancing. The breaking may either form a chiral multiplet of the form D α C with a chiral superfield C or belong to a linear multiplet of the form D 2 D α Ξ with a real superfield Ξ. The Ξ may be traded for C to some extent by a redefinition of the supercurrent, but this is not always the case, as we shall see later. Actually either a chiral or linear supermultiplet is allowed for the breaking, but not both at the same time [26] , in order for R µ (z) to contain conserved supersymmetry currents (J 
Note that Eq. (3.35) remains invariant under a possible redefinition of the supercurrent 
. Formula (3.35) then allows one to identify the superconformal breaking C and Ξ. One may take, e.g., Ξ = 0 and
in Eq. (3.33), up to a redefinition of the supercurrent. This confirms an earlier result [17] and, with γ Φ ≈ λ 2 r /(8π 2 ), reproduces the one-loop anomaly obtained by direct calculations [27, 28] . (The explicit form of R αα is read from Eq. (4.4) with only Φ retained and w → 2/3.)
From this supertrace identity one can conclude [17] that the supercharge algebra {Q α ,Qα} = 2(σ µ ) αα P µ is normal while {Q α , Q β } = −2i(σ (3) ) αβ U has a central charge in the presence of a domain wall, [In the 2d and 3d case, in contrast, the short-distance anomaly makes ΦW ′ (Φ) → 0 asymptotically.] In the 4d model the central charge and the domainwall spectrum turn out to be stable against quantum corrections. It is the nonrenormalization of the superpotential [24] , or holomorphy [25] underlying 4d supersymmetry, that is crucial for this stability.
IV. VORTICES
The supersymmetric Higgs model [29] in 1+2 dimensions supports vortices that are BPS-saturated classically. Early studies [30, 31] based on index theorems [32, 33] found no quantum correction to the vortex spectrum. In contrast, recent direct calculations [34, 35] , emphasizing the importance of regularization, found finite corrections to both the central charge and spectrum, with BPS saturation maintained. The origin of such (apparent) corrections was subsequently clarified by formulating the problem in superspace [36] . In this section we reexamine this problem by extending our analysis to vortices; we also study quantum features of vortices in a 4d model, discussed earlier in a classical theory [37] .
Let us start with a 4d model with N=1 supersymmetry [29] , described by the superspace action
Here a pair of oppositely-charged matter superfields (Φ, Φ − ) is necessary to avoid a gauge anomaly. The real superfield V (z) = θσ µθ a µ + θ 2θχ +θ 2 θχ + 1 2 θ 2θ2 D + · · · contains a gauge field a µ and a gaugino field χ α .
The Fayet-Iliopoulos (FI) term [38] −2κV serves to introduce spontaneous breaking of U(1) gauge invariance. Let us take κ > 0 and e > 0. The bosonic potential has vanishing flat minima for φ φ −φ − φ − vac = κ/e, with supersymmetry maintained.
In generic vacuum configurations φ − vac = 0 there arise no regular vortices [39] . We are interested in a special configuration φ − vac = 0 and φ vac ≡ v = κ/e, where the model supports classical vortex solutions governed by the Bogomol'nyi equation [3, 37] ,
with D = κ−eφφ and a 0 = a 2 = φ − = 0; ∇ µ = ∂ µ +iea µ and f µν = ∂ µ a ν − ∂ ν a µ ; here the vortex is taken to lie along the x 2 axis. We take the upper sign for vortices, with the boundary condition φ(x) → ve invθ and a k → −(n v /e)∂ k θ for |x| → ∞, where tan θ = x 1 /x 3 . A vortex of vorticity n v = 1, 2, ... carries flux dx k a k = 2π n v /e and has tension E cl equal to the central charge
with ǫ 13 = 1. The same vortices survive in a 3d N=2 model [30, 31, 40] , obtained via dimensional reduction.
The classical vortex solutions, obeying Eq. (4.2), are invariant under supertranslations (3.28) with ξ α constrained so that ξ(σ 3 − iσ 1 ) = 0 or ξ 1 = iξ 2 . The vortices therefore are BPS-saturated, (Q 1 − iQ 2 )|vor = 0, and preserve half of the 4d N=1 (or 3d N=2) supersymmetry.
The supercurrent for the present model is [41] 
with the Φ − sector recovered by substitution Φ → Φ − and e → −e. The R-weight w of the matter fields (Φ, Φ − ) is left arbitrary in the present model owing to a global U(1) symmetry of the action S.
[Normally one has to set w = 2/3 for four dimensions and w = 1/2 for three dimensions.] One can derive this gauge-invariant supercurrent R αα directly from the action S by a superspace Noether theorem [28] . The classical supertrace identity thereby reads
with Ξ 0 = − 1 4 (3w−2)M vanishing correctly for w = 2/3. Let us now move to quantum theory. For quantization we adopt the superfield Feynman gauge but suppress the gauge-fixing term S gf whose effect will be recovered later. In the 4d model one has to renormalize the charge and fields, with rescaling e = e r / √
Renormalization of the FI term in general takes place only at the one-loop level [42] . In the present case, however, the two oppositely-charged fields (Φ, Φ − ) combine to cancel divergences, and one can define the renormalized FI coupling by a simple rescaling κ r = √ Z 3 κ so that κ/e = κ r /e r . To determine the scale breaking d 4 x △ one may use D = 2κ r ∂/∂κ r together with the formula (2.7) ; see also the appendix. The result is 
(Here we have set Ξ 0 = 0.) The form of the anomalies ∝ γ 2 , γ 3 is somewhat arbitrary and would depend on the regularization method one uses; in the above we have chosen a form attained by the path-integral method. [See Ref. [36] . A direct calculation shows that 2W α δS/δV in Eq. (3.7) there yields There is a problem with the supertrace identity (4.7). It contains both linear and chiral scale breaking. One can transform κW α into a chiral form ∝ D αD 2 V via a current redefinition by ∝ [D α ,Dα]V , which would, however, spoil gauge invariance of the supercurrent. For κ = 0 it would thus appear unlikely that one can construct conserved supercharges and energy-momentum tensor.
We point out that there is a way out if one notes the supersymmetric chiral anomaly or the Konishi anomaly [43, 44] , which takes the form
where γ c = (2e) 2 /(32π 2 ) = e 2 /(8π 2 ) receives no higherorder corrections. One can now cast, via a gaugeinvariant redefinition of the supercurrent [with X ∝ M in Eq. (3.36)], the supertrace in the form
With only breaking of a linear multiplet, the supercurrent is now conserved, ∂ µ R µ = 0, leading to a conserved-charge superfield
consisting of the R charge Q R , supercharges (Q α ,Qα), four-momentum
asym , with other charges vanishing. The central charge comes from the antisymmetric component of T µλ , which is a total divergence, 
and the central charge vor|Z|vor /L 2 = 2πn v κ r /e r . The charge superfield (4.10), upon supertranslations (3.28), gives rise to the supercharge algebra 13) and {Q α , Q β } = 0. The vortex then remains BPSsaturated, with (Q 1 − iQ 2 )|vor = 0, and the vortex tension 14) survives renormalization. In contrast, the spectrum m ∼ √ 2ev of the elementary excitations (of a µ , ψ, · · ·) is corrected at higher loops. To see this explicitly let us calculate the effective action to one loop by retaining only terms with no D α andDα acting on (Φ c , V c ). Such a calculation was done earlier for three dimensions, and one may now simply evaluate Eq. (A8) of Ref. [36] in four dimensions with µ 2 → 2e Here some remarks are in order as to the effect of gauge fixing. For the superfield Feynman gauge one considers the gauge-fixing action
It gives rise to an extra component [41] R [41] . This fact essentially leaves our foregoing analysis intact. Alternatively one can formulate the supertrace identity in a manifestly (background) gauge-invariant way [36] .
Let us finally take a brief look into vortices in the 3d Higgs model. In three dimensions only the FI term requires infinite renormalization. Accordingly the model (4.1) is a finite theory and no anomaly arises. It is enlightening to consider a somewhat nontrivial case where only one matter field Φ is retained; in three dimensions there is no gauge anomaly and one may keep only Φ. The single-Φ model also supports classical vortices governed by Eq. (4.2). For this model the one-loop correction to the FI term −2κV is linearly divergent, and the divergence is removed via renormalization [36] 
Formula (2.7) then implies the presence of quantum scale breaking −2δκ d 7 z V (which is divergent). Indeed, acting on the action with D = 
One can rewrite (κ − eM)V as − 1 2 V (DW + δS/δV ). The equation-of-motion term V (δS/δV ), when regulated, vanishes in three dimensions [36] , and d
Interestingly one can get to this result by assigning d V = 0; this corresponds to rescaling eV → V in considering dilatation; see the appendix.
The classical supertrace (4.5), on the other hand, applies to the 3d case as well, although one has to note that on reduction (σ 2D ) α R 2 turns into superconformal breaking. The 3d form of the supertrace thereby is written as 20) with µ ′ = (0, 1, 3 ). Here G =Dσ 2 DV ∼ 2a 2 , associated with the "reduced" dimension x 2 , is a gauge-invariant pseudoscalar superfield; it acts like a potential for W α , as seen from formulas
2 D α . Note that, on reduction, the coefficient of the W α term has changed from 4κ → 2κ. (The extra −2κW α term coming from −(σ 2D ) α R 2 was erroneously left out previously [36] .) Note also that
. The scale breaking (4.18) thus correctly incorporates the classical breaking (4.19) and, in addition, tells us that the anomaly −2δκW α works to renormalize the FI coupling κ in the quantum supertrace identity,
Actually this amount of anomaly was correctly obtained by the path-integral method previously [36] ; it, however, led to a mismatch of factor 2 for the renormalization of the FI coupling because of the omission of the extra −2κW α term. This apparent mismatch is now resolved. The central charge operator Z = κ r dx k a k is read from Eq. (4.21) . Conservation of the current, ∂ µ ′ R µ ′ = 0, directly follows from the 4d form of the supertrace, i.e., Eq. (4.5) with 4κW α → (4κ − 2δκ r )W α , and this leads to the algebra (4.13). The supercharge algebra thus retains the classical form again, except that the central charge is now renormalized at one loop once for all. The vortex spectrum vor|P 0 |vor = 2πnκ r /e therefore is exact [with κ r fixed in terms of κ as in Eq. (4.17)]. In contrast, the spectrum m ∼ √ 2ev of the elementary excitations is significantly corrected, with the vacuum expectation value v deviating from the classical value so that
as discussed earlier [36] .
V. SUMMARY AND CONCLUDING REMARKS
In this paper we have studied the effect of quantum fluctuations on a sequence of topological excitations that derive from a classical BPS-saturated soliton or vortex in lower dimensions, and observed that their spectrum and profile differ critically with the dimension of spacetime.
In all the examples discussed in the paper the supercharge algebra retains the classical form although the central charge may in some cases be modified by shortwavelength quantum fluctuations. We have shown how to determine such an anomaly by considering dilatation directly in superspace.
Even though the central-charge operator is explicitly known, the central charge, given by its expectation value, is further governed by long-wavelength quantum fluctuations and is not necessarily exactly calculable. Indeed, for solitons in a 2d N=1 theory the central charge acquires a quantum anomaly at one loop but the spectrum is corrected at higher loops as well. For domain walls in a 3d theory the anomaly simply contributes to mass renormalization and the central charge is dominated by the long-wavelength effect that makes the domain-wall spectrum only approximately calculable. For a vortex in a 3d theory the central charge and vortex spectrum undergo renormalization at one loop.
The situation changes drastically for 4d theories. As we have seen, the spectra of the domain walls and vortices in 4d theories remain essentially unaffected by quantum fluctuations (although the profile of the BPS excitations and the spectrum of elementary excitations are significantly corrected). This is a consequence of nonrenormalization of chiral superpotentials or holomorphy underlying 4d supersymmetry, both minimal and extended. Holomorphy thus has special control over both short-and long-wavelength quantum fluctuations and works to stabilize the BPS-excitation spectrum. This stability is naturally inherited by topological excitations in theories reduced from 4d theories, and in Sec. IV we have shown how to handle such a dimensionally-reduced case.
Persistence of BPS saturation in quantum theory is a consequence of the supercharge algebra rather than dynamics. Accordingly, once BPS saturation is known, the excitation spectrum is calculable from the asymptotic excitation profile. In view of this, we have emphasized the use of long-wavelength superfield effective actions in calculating the central charge and the spectrum in a manifestly supersymmetric way.
We have used a simple operator D ≡ m r 
